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1. Introduction

Nowadays the problem of financial risk minimizatia very important for financial
institutions activity. Well known principle impliethat the risk of portfolio which consists of
two or more assets is not greater than the sunskd of its components as the assets included
in portfolio compensate the risk of each other. Ting attempt to describe the methods of
portfolio construction is made by Markowitz in 19%P]. This procedure is based on two
characteristics of portfolio return and risk. Thatflio return is determined as expected return,
namely the expectation of portfolio return, whihee tvariance of the portfolio is taken as a risk
measure. Markowitz gets the optimal portfolio weégghy minimizing the portfolio risk for a
given level of portfolio return or by maximizing macted return for a given level of portfolio
risk.

Merton [2] shows that portfolios constructed instiway for different levels of return or
risk form so-called efficient frontier, which is @arabola in the mean-variance space and
hyperbola in the mean-standard deviation space.nfdiae property of the efficient frontier is
impossibility to increase the expected return withancreasing the risk (variance) or to
decrease risk (variance) without decreasing thearg return.

Generalization of Markowitz’'s theory is the maxiatibn of expected quadratic utility
function (see e.g. [3]). The main disadvantagenf method is its dependence from investor’s
risk aversion coefficient. If this coefficient apaiches to = the investor is fully risk averse and
the optimal choice for such investor is portfolighwminimal risk. Changing values of risk
aversion coefficient fromot to O we get the efficient frontier of portfoliol.is important to
point out that there is no optimal method of ragilochoice of this coefficient.

The mentioned above methods of portfolio optim@atare based on portfolio variance
as a risk measure, which are heavily criticizecndly because the variance is low informative
and is two sided embranchment of risk. However,ititkcator of portfolio risk should take
positive values of loss function and give more infation concerning portfolio risk than
variance. A better candidate for this purpose iangle based risk measures, which satisfy
described above properties. Namely, these measateslate portfolio risk on the basis of
certain quantile of loss function distribution afully describe the behaviour of random
variable.

The most popular quantile based measure of riskaige-at-Risk (henceforth VaR). This
measure is recommended for risk calculation in lmanky programs like Basel Il, RiskMetrics,
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CAD Il. In order to compute the VaR of portfolio wbould first choose the confidence lexel
Basel committee on banking supervision [4] reconuise®9% for the value of the confidence
level , whereas the values of {0.9, 0.95, 0.9999}%lso are used. In general case, the VaR at
the confidence level is equal tax-quantile of the loss function distribution thattie VaR at
the confidence level is the minimal level of losses with the probabillt-a. Due to simplicity

in calculation and understandable results VaR wadays widely used on practice and a lot of
works test the VaR properties (see e.g. [5]-[8]).

The problem of portfolio optimization on the ba%$§ the VaR was first solved
analytically by Alexander and Baptista [9]. In th@aper authors find the solution of the
problem of the portfolio VaR minimization withoutyaconditions on portfolio return. It should
be noted that minimum VaR portfolio also lies oe #fficient frontier but has higher return

comparing to the minimum variance portfolio foradlues ofa <1'.

To generalize the results obtained in [9]-[10] wggest considering the expected utility
function based on VaR and the portfolio which maxas the utility function. The main
problem of expected utility function is its depende on coefficient of risk aversion. In spite of
the fact that to the problem of rational choiceoéfficient of risk aversion paid much attention
in financial literature ([11]-[13]) there is no umaity around the method of doing this. This
study aims to give some recommendation about cluit@s coefficient based on properties of
portfolio characteristics.

The rest of the paper is organized as follow. la tiext section we present the basic
notation and assumptions of the paper and solveptbblem of maximization of expected
utility based on VaR. Section 3 examines the probté correctness of the sample estimator
and discusses the estimators of the maximum expadtiéty portfolio along with their
characteristics. Section 4 derives exact densitigsortfolio characteristics estimators. Finally,
using the properties of portfolio characteristicgl anonthly data from PFTS Ukrainian stock
exchange market we give some recommendations gongemrational choice of investor’s risk
aversion coefficient in section 5.

2. Maximum expected utility portfolio and its cheteristics

The main characteristic of a risky asset is it€gmat timet(P). However, investor is

more interested in price dynamic than in pricelfitd@nancial literature employs the return as
an indicator of price dynamic. We denote the retfrnsky asset at time poibhias

X, =100In-*

t-1

Let assume that we construct portfolio frdmrisky assets. Note that the numbers
predetermined and we are not allowed to changealtge. Such assumption is natural because
we first should choose assets to invest our monefor® constructing portfolio. The
X, =(X;, Xy,..., X, ) denotesk -dimensional vector of asset returns at time poittnder the

term “portfolioc” we mean the vectow=(w, Xw,...,w ), which consists of fractions of

investors’ wealth invested in corresponding asseth thati'w =1, wherei stands for thek -
dimensional vector of ones. The is the fraction of investors’ wealth investediifth asset.

The elements of vector w are called “portfolio wWej.

In order to calculate the characteristics of thefplio we need some assumptions on the
asset returns behaviour. Financial literature fealy uses the assumption about normality of
X, which is heavily criticized, since this assumptioeglects some important properties of

asset returns like asymmetry and heavy tailedibigton. Apparently, an application of these
properties would make the outcomes more realisttone are forced to use numerical instead
of analytical methods of research.

To test exact statistical properties of portfoli@ Wrst need to solve the problem of
portfolio construction analytically. The latter itigs that the assumption of normality is
adequate in the context of this paper. Note thatthdp and yearly returns have distributions
very close to normal [14]. Additionally, the impaaftheavy tails on the portfolio properties can
be weakened by additional diversification [5].
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We also assume that, hask-dimensional normal distribution with the mean wegt
and the covariance matriX . Let Xwt be the portfolio return at time poinht Then the expected
return of portfolio isRw= E Xw) = ' v the variance Yw=Var( Xw) = V\'/Z v and theVar

at confidence levela (from assumption of normality ofXt) —Mw= zo,/Var X,) -

E(Xwf) = ;,\/ WY w-u' v, where z, =-®7(1-a) — a-quantile of the standard normal
distribution.

In contrast to the classical definition of the esteel quadratic utility function, we use the
utility function based on VaR

U =R =L M, = v B 2w it ), &
where £ is the investor’s risk aversion coefficient. Thdity function (1) fits better the
recommendations of Basel committee than classigfiton'. Moreover, the interpretation of
the utility (1) is better than for classical defion because the interpretation of the difference
between the expected return of portfolio and it)RMa more reasonable than the difference
between expected return of portfolio and its var@an
We consider the optimization problem

U(w) - max, subject tai'w =1. (2)
We allow the possibility of short sales by abseotéhe condition of positive portfolio
weights (v = 0). Including this condition in (2) makes the useanblytical methods of solution

impossible. The values off should be strictly positive because in casefst0 investor

maximizes the return without paying attention tkriSuch problem cannot be solved without
additional conditions onw. The utility also can be negative. If investoringerested in the

" . : HW
ositive utility the range fo3 is| 0; 2 .
P Y ge fof [ Z, N WXW- 1'w
Proposition 1 Let construct portfolio witrtk assets.X, denotesk -dimensional vector of
asset returns at time point We assume thaX, [l Nk(x,2). Then the solution of optimization

= ~ > ity
roblem exist if 5 zZZ > s, where ='7 , sS=u'Ru, R=¥*-———— and has the
Y Bz, B (B+2) M Ru s
form
— GMV
\NUVaR - WGMV + ,3—225 _ s RU, 3) (
3T . . . : 1
wherew,,,, =—=- — weight vector of global minimum variance poritboN,,,, =

i i
— the variance of portfolioy,, .

Proof. Using simple algebraic transformation the optatian problem (2) can be
rewritten in the following way

U(w) = (1+ ﬁj ,u'w—i z,~ WX w| — max, subject ta'w =1,
2 2+ 3
which is equivalent (becaugeé=0) to the problem
B 2\ WZw- ¢/ w- min, subject ta'w =1. (4)

Denoting byz, = 5 z, we get that (4) is equivalent to the problem oRainimization
of Alexander and Baptista [9], which implies the@gsary proposition.

! Alexander and Baptista [9] substantiate the pdggibf such utility function.
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Note that ifg tends to infinity, the portfolio weights (3) appiah to portfolio weights
with the minimum VaR (see e.g. [10]). As a consegeewe can calculate the characteristics of
portfolio w, ., (expected return, variance, VaR).

Corollary 1 Under conditions of proposition 1 the charactessof portfoliow,, ., have
the form

GMV

Rivar = W yvartd = RGMV+W_S & (5)

ﬁ 2
VUVaR =w UVaRZ WUVaR= P 5 VGM\’ (6)

Bz =

z -S ’V—
UVaR = 2_2 MV RGMV’ 7) (
B zZ,—S
A_I, 5 ]] — expected return of global minimum variance didfw,,, .
From (3), (5)—(7) can be seen that weights andaditaristics of portfoliow,,., depend
on parameters of asset returns distribution. Switistn of these parameters into corresponding
formulae gives full information for investor abouabnstructed portfolio. On practice the
parametersy and X~ are unknown. That's why the investor has no pd#gido use the
previous results straightforward. Thus, he shoaldehow estimate these parameters.
3. The adequacy of sample portfolio weights estimat
Our analysis demonstrates that the results of @itpo 1 cannot be used straightforward
and the unknown parameters of asset returns distib zand = should be estimated. For
these purposes we make use of the sample estimagdran independent random sample of the
asset returnsX,, X,,..., X, is available. The sample estimators of the meanoves and the

17

covariance matriXx. are expressed as

whereR,,,, =

n

1= X, =1y (X =A% A (8)

i=1
Replacing the unknown parameteusand > by their sample estimators (8) in (3), (5)-
(7), we get the sample estimators of the weighdisthe characteristics of portfolw,,, .-

+—V\7@MV ﬁg[, (9)

Wovar = Wony N
Vivar = /’;Z_ Vo (12)
Mf;— Vo ~ R (12
where ”
Res I e R = e R =V =
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From proposition 1 the necessary and sufficientdgmmn for existing the portfolio with
the maximum utility is? zZ > s. The implementation of this condition does notugesthe

fulfillment of the condition/3? z> > § which is necessary for sample estimators (9)-(@2)e
adequate. This fact is implied by the randomness. dhe distribution ofS is found by Bodnar
and Schmid [15] under assumption of normality Xf. In [15] it is shown that the random

variable (n(nl_)—g:ll))é has non-central Fisher distribution wikh—1 and n—k+1degrees of
n_ —

freedom, and non-centrality parametes. The problem of adequacy of sample estimator of

portfolio weights with minimuniaR is studied in [10] and, as it is shown, the prolitsof

sample estimator adequacy is close to 1 for vadties higher thar0.9. In our study we need to

investigate the probability of fulfillment of theudition 5 z> > § depending on3 and we can

use the same algorithm as in [10].
We calculate upper and lower bound for the proiiybﬂ'{,é2 zZ >§ using monthly data

for four Ukrainian companiesk€4) from PFTS Ukrainian stock exchange market: CEEN
ALMK, UTLM and MSICH, for the time period from 0409 to 10.2012 nE42). Our

calculation gives us$=0.15 784! We also taker =0.95 and changing the value @ from 0

to +o0. The bounds received are depicted on Figure 1.i@dataesults allow us to conclude that
the probability that the sample estimator of pdidfaveights is adequate is close to one and
increase with the value ¢f for valuesf>1. The lower bound of the considered probability is
0.938for =1 and is larger tha.999for £ =4. Thus, the probability of adequacy of sample
estimator of portfolio weightsv,,,. is high for values of8 =1which means that we can use

such estimator not only for theoretical purposesaligo in practice.
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Figure 1. The bounds of 95% confidence intervapfmbability P(3< 3 7) (a=0.95).

4. The distribution of portfolio characteristicsrgale estimators
In this section we examine the properties of pédfa@haracteristicsw, ., sample

estimators. Since the sample estimators (9) ardoranvariables then also the estimators of
portfolio characteristics (10)-(12) are random &hlkes. The best way to describe the properties
of random variable is to use their distributionaTs® why we need to find the exact distribution
of random variables (10)-(12). Note that the unamoohl distributions are not appropriate in
our case because the estimators (10)-(12) arealiaconly if /32 z>>5. We consider the
distributional properties of portfolio characteigst estimators under the condition

that3® z2 > 3. Let
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n2-,2
a(s*) — VGMV b(S*) — Za VGMV

JFz-sn-1 - Bz2-s n-1’
-4 2_ * _ *

o(s) = ,B~za S \éMV,g* 1+n/(n 1)SV |
\/IBZZZ—S* n GMV

_ v b}
M(x;m a b, b)= J_\Q\J p{ (E L)t a)mf}d

Theorem 1Let X, X,,..., X, be independent random vectors axd ! N(x,Z) X~N(u,
) foralli inl,...n, £ —is positive definitek — the number of assets in portfolio and k.
Then

where K(X):(rrll(ill_)(itli) (ntn k+1)) Fiaa (@) and f, .. (X

k—l n-k+1;ns (n 1)(k 1)
distribution function and density of non-centrasiier distribution withd, and d, degrees of
freedom and non-centrality parameteicorrespondingly,

— 1 (x- F%MV)Z . [ ~& p
fA*VR(X) T nk-2 eXp{_ 2 o4& }M (X’n_ k’%MV NS ,a(s)),
T g aEytr(n-Rr2) L 2@ETES)

1 n-k-2 X
N ) = K X ? eXp{_ 2b(s )}’
(2b(s)) 2 T ((n-K/2)

= 1 _ X+ Rswy )? L =
fMGVaR(X) a ZLH % \n-k exp{ 2(c(S ) + ~S*)}M n= K= Ry \/; ,d'S))
2 ¢c(s)" T ((n-K/2)

the density functions of appropriate portfolio dderistics estimators under condition
thatS=s.

Proof. The proof of the theorem is equivalent to theopd theorem 3 in [10].

As a consequence of theorem 1 we can get the sesutheorem 3 in [3] substituting
instead ofSone or equivalent instead @+ o

We use the outcomes of theorem 1 in order to iigest the impact of investor’'s risk
aversion coefficieni3 on the density of portfolio characteristics estimnga. We use the sample
counterparts from the monthly data for four Ukramicompanies from PFTS Ukrainian stock
exchange marketk(=4) for the unknown parameters: CEEN, ALMK, UTLM akt5ICH, for
the time period from 04.2009 to 10.2012542). We get
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276.87 244.64 129.25 184.
244.64 440.17 177.33 231.
129.25 177.33 198.78 111.
184.42 231.48 111.72 226.

The high variance of Ukrainian stock market is assmuence of low liquidity of the
market. Substituting these estimators into formftaeR,,,,, , Vs ands, we get

Ry =2.7009¢, V,,,, =150.40z, s=0.1578E,

H1=(1.598, 0.029, 0.324, 4.575F,=

In Figure 2 the density oR,,.. (left) and M., (right) under condition tha3? z2 > $
are plotted. We use the value 0.95 for confideruello and {1, 4,+c0} .
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Figure 2. The densities @&, (left) andM,,.. (right) under condition tha3? z2 > § with
a =0.95and B ={1,4,+w} .

The expected return of portfolw, ., IS more sensitive to the values Bfthan thevVaR
for ,8|][4,+oo) (see figure 2). Changings in this interval the portfolio expected return

increases and its density changes from almost symante the positive skewed. The right tail
also becomes heavy. Contrary to the portfolio etqueoeturn, the risk of the portfolio is almost
the same along the interval. Another situationbtimed in the interva}S’D[l, 4]. The change

in density of portfolio expected return is mostlyoportional to the previous case but the
changes in density of portfolio risk are cruciaheTdistribution of portfolio risk sharply
becomes positive skewed and the right tail of tis&ridution becomes very heavy. Taking into
account mentioned above we can formulate some meenmaiation about rational choice of risk
aversion coefficient. First, the use of high caméints of risk aversion is inappropriate in
Ukrainian market. The distribution of portfolio kiss almost the same for medium valuesff
and the distribution of portfolio expected returoves to the right. Second, the low valuegof
also should be avoided because the distributiggodfolio risk becomes positively skewed and
gets very heavy right tail. Thus, one should penfthe appropriate analysis of distributions of
hypothetical portfolio characteristics to choose toefficient 5 which satisfies the investor’s
expectation concerning the distributional propsrtéportfolio characteristics.

5. Conclusions

The paper examines properties of portfolio charaties with maximum expected utility
based on Value-at-Risk. The use of this risk measuportfolio theory is fully consistent with
recommendations of the main banking documents. Ftben theoretical point of view
application of expected utility function for porifm constructing is a generalization of the
portfolio constructing problem with minimum riskcgiven level of portfolio return. The main
drawback of this method is impossibility of optin@loice of coefficients, which describes
investor’s attitude to risk. Note that this coatfitt also has an impact on the adequacy of
sample estimator of portfolio weights. It is shotlat for values of which are close to zero,
the adequacy of the estimator is very questionaBig. for the values higher than one the
probability of adequacy of this estimator is clts®ne. For example, fgf =1 the lower bound
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of probability is equal t@.938 and for 3 =4—

larger tharD.999 Therefore we can use such an

estimator not only for theoretical purposes bub als practice.

For the investigation of impact of i

nvestor’'s riskersion coefficient on the main

portfolio characteristics the exact distributiontbése characteristics are found. Changing the
coefficient £ in the range [1, ) the graphs of the densities of portfolio charastes are
considered. Based on these graphs some recomn@arglatincerning the rational choice 8f

are given. For,BD[4,+oo) the expected return of portfolio is more sensibléhe changes i
than the risk since the density of portfolio riskaimost the same for aﬂl][4,+oo). It indicates
that the use of high values fgt is inappropriate because the increas@déads to substantial
decrease of portfolio expected return while thetfpbo risk remains almost unchanged. For
,8|][1,4) the portfolio expected return changes in the savag as in the previous case.
However the changes in portfolio risk distributi@ne crucial. It becomes strong positive
skewed and gets very heavy right tail. Hence tleeaidow values forg is also inappropriate
due to the sharp increase of portfolio risk togethiéh moderate increase of portfolio expected

return.

It should be noted that the results of the prepaper can be extended to the case of non-

normal distribution. In this case the Monte
plot the corresponding distributions.

Caillmdation study should be used in order to
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