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1. Introduction.

The method of optimal portfolio construction waseleped by Markowitz in 1952 [1].
This method is a standard basis for optimal rigetsportfolio weights (structure) calculation
till now. Portfolio constructed by this method hhe smallest risk for selected level of expected
return. Changing the level of portfolio expecteture we can construct the set of optimal
portfolios which is known as an efficient frontiércan be easily shown that using the portfolio
variance as a risk measure this set is a parabdlanaghe case of portfolio standard deviation as
a risk measure — a hyperbola [2]. The main propeftgn efficient frontier is impossibility of
portfolio expected return increasing without insieg portfolio risk (variance) or equivalent
impossibility of portfolio risk (variance) decreagi without decreasing portfolio expected
return.

In financial literature there are some other meshafdoptimal portfolio construction. The
special case is maximization of portfolio utility]] Maximizing the investor’s utility we get the
optimal portfolio which also lies on efficient froer. It should be noted that this portfolio
depends on investors risk aversion. In the casenwhneestor is fully risk avers the maximum
expected quadratic utility portfolio coincide withinimum variance portfolio. Changing the
coefficient of investor’s risk aversion from 0 tewet the efficient frontier. That is maximum
expected quadratic utility portfolio is generalipatof portfolio theory.

In known methods of portfolio construction the palio variance is taken as a risk
measure. Such an approach is heavily criticizethguast decades. First of all it is caused by
the fact that variance gives information only abdigpersion of possible values of portfolio
return around portfolio expected return but notubihe portfolio risk. Moreover, portfolio
variance takes into account two-sided risk. It nse&mat high portfolio returns probability
increasing leads to portfolio variance increasingclv signals investor about portfolio risk
increasing. But in fact portfolio risk should natrease in this situation. Better instruments for
portfolio risk describing obviously are functiondiwh takes into account only positive values
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of portfolio loss function (or equivalent only neiga values of portfolio return) and are more
informative than portfolio variance.

In the last years of previous century the invesioga provided in risk theory showed that
the quantile based risk measures can be usefydrémtice. The simplest and the most known
such a measure is Value-at-Risk (henceforth VaR)s Theasure is recommended by Basle
Committee [4]. The conception of the VaR was fpeiposed in [5]. Thanks to results which
can be easily interpreted this instrument for gskculation is nowadays the most popular in
finance and econometrics. Taking this into accourd proposed in [6] to use the VaR as a
main risk measure in Markowitz’s analysis. Assuntingt asset returns are normally distributed
in [6] the analytical solution of the portfolio VamRinimization problem is found and it is shown
that minimum VaR portfolio lies on efficient froeti but has higher expected return and
consequently higher variance, than the minimumavene portfolio.

The natural question is: is it possible to use twaception of portfolio utility
maximization for its construction with the VaR assk measure?

In the paper it is proposed to construct the pbotfon the basis of utility maximization
with the VaR as a tool for risk calculation. Thisrtfolio better fits the recommendations of
Basle Committee than the portfolio with maximumlitytiwith portfolio variance as a risk
measure. It allows the banks to provide the opmmaton fund market more intensively in the
Basle Committee and law bounds. Moreover, as it pasted out, the VaR approach to risk
calculation is more correct than the variance whatlows more precise consideration of
financial risk in process of portfolio construction

2. Markowitz’s optimization problem with general linear restrictions.

Denote byP — the price of asset at time pointand define an asset return at this time

point as:

X, ~100In-+.
t-1
Note that in financial mathematics literature assairns are mostly used for calculation
because their properties are more statisticalactttve than properties of asset’'s price. The
asset returns are unbounded which is one of ite mdvantages. Moreover, asset returns have
no time trend and their values are dissipated at@eno.
Behavior of asset returns has random nature. Thdtis it is often assumed that asset
returns are random variables. Let we construct atfgho with k assets. Denote
X, = (X, X,y X, ) the k-dimensional vector of asset returns. The veate(w, w,...,w ) stands

for portfolio wherew — the fraction of investor’'s wealth invested intoh asset. We assume
that X, is k-dimensional normally distributed random variabighwparameterg: andz. Such

assumption is criticized in the last decades bexalistributions of asset returns are heavy
tailed. In [7] it is shown that under good diveiation the impact of heavy tails on portfolio
characteristics is not essential. The portfolio emtpd return can be calculated as

Rw= E X,) =4 w, portfolio variancew= D(X,,)= x> w, where X,, — portfolio return at time

pointt.
In the classical portfolio theory expected quadratility has the form:
Uw)=R,-Lv,,

where  denotes the coefficient which describes investattgude towards risk or in
other words investor’'s risk aversion. It is assuntteat this coefficient is known. If investor
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constructs his portfolio only with risky assetsritiee problem of rational portfolio construction
has the following form

U (w) - maxwith respect ti“wi =1. (1)

i=1

The solution of problem (1) is the maximum utilggrtfolio with the following weights:

WEU = WGMV +IB_1 lej 7 (2)
_l.
where w,,, :% — the weights of minimum variance portfolio;k dimensional vector of
et
oneSR:rl—z, ! Z .
i

The optimization problem (1) can be generalizeth&form:
U(w) - maxwith respect ta'w= b, (3)
where A-k* g matrix (q< k) with rankq, b-g*1vector. The solution of (3) is given in [8]:

Weya =Wanva + 8 RAR, (4)
where
R, =X -X7AA'Z7A) A 'Z"andwg,, , =X AA'ZTA)D.
The statistical and probability properties of palrtd weights (2) and (4) are considered in
[3], [8]-[11].
Note that portfolio with the weights,, , is the solution of Markowitz’s classical risk
minimization problem with no conditions on portfokxpected return:
V, - minwith respect ta'w =b . 5)
The expected return and variance of portfolig, , have the form:
Rawva =H'Weyya =H'Z7ARZTA) D anVoyy o =WeuwaIW s =D'(A'EZ7A)"0. (6)
Consider the classical Markowitz’s problem:
V, - minwith respect toA'w =b andw'p =R (7)
and define the notion of efficient frontier for shproblem. Obviously that the necessary

condition for (7) to be correct &= R,,, , . Denote byw the set of all portfolios which consist

of k assets which fulfill the condition'w =b.

Definition 1. The subset of the setw is an efficient frontier for problem (7) if for
portfolios which belong toE it is impossible to increase their expected retunthout
increasing their risk (variance) and it is impossito decrease their risk without decreasing
their expected return in the bounds/of

Lemma 1. For arbitrary real number= R,,,, exists single portfolion, with expected

return R which belongs to an efficient fronti& with the weights:
T pwzA) (R
_yify, A MEMR OB _
e (u )[A'Z_lu A'Z"lAj (b)
Proof. We solve problem (7) using the method ofrhage multipliers. LetA, be real

number andi, — g-dimensional vector. Denate= (4, A,')'. Then the Lagrange function can be
written:
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”I

L(w,2) :W'ZW—X'((A

JW—(:D =wXW-Ap'w-R)-A,(A'w-b).

We put the partial derivatives afw, 1) equal to zero:

i=22w—(p A)k=0,

ow 8)
oL (pn' R ’ (
—= W — =0gn

o A’ b K

whereO, andQ,,, k andg+1-dimensional zero vectors.

From the first equation of (8) we get
_1o4
w=>x (n A)L.

Substitute previous result in the second equatfqi8)oand solve it with respect fowe
observe:
=2 p'I'p p'TA (R
Axn AXA) (b)

_ e -1
L= pn'I ' p'X'A R
A'Tn AXT'A) (b

v (522 22T

Hence we get:

A'Zn A'TA

which proves lemma 1.
Lemma 2. Let portfoliow, with expected returiR, and variance/, belongs to efficient

frontier E, then:

(RN_F{%MV,A)2:§(V_%MVA)1 (9)

wheres, =p'R, .
Proof. Consider the following block matrix

pWE p'EUAY) (b, B,
A'Zn A'T'A B,, B,)
Using the rules of constructing inverse block ncasiwe get:
_ re A o , - _
b, =(p'Er-p' T AR A AT ) =(n'R,m) =S

B,.B

B, =-b,(A'Z*A)'A'Ew', B,=B,,,B,, = L2+ (A'ZA).

1

We can write:

. T opErA) T pEA)
vt 22 12t a(2ZD 1)

_ A= pEtAY (R . S
_(RN b)[A'Z_lp A'E_IAJ (bj_QleH-ZRb le+b Bzzb—

oot
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Hence:

(RN_ RSMV,A)Z = ( e \éMVA)'
It should be noted that in mean-variance spacetiequ@) describes the efficient frontier

3. Maximization of utility based on Value-at-Risk.

As it is pointed out previously portfolio varianggves only few information about
portfolio risk even in the case of normally distried asset returns. The variance reflects the
dispersion of the possible values of portfolio retuaround its expected return. That's why the
problem of using utility based on better instrunserior risk calculation for portfolio
construction arises.

Since the VaR is the most widen risk measure noysdl@e utility based on the VaR
utilization for portfolio construction should berdered. We examine the following function
of expected utility of investor:

UVaR(W) =R, _g M, ,

where M, — VaR of portfoliow. Note that under assumption of asset returns ridymbe
portfolio VaR can be expressed B, =z,./V, - R, wherea — confidence level for VaR and
z, =-®7(l-a) is a-quantile of standard normal distribution. We cdesithe expected utility
maximization problem which is analogical to (3):
U,.(W) - maxwith respect ta\'w= b. (10)
The solution to the problem (10) is given in thetrteorem.
Theorem 1. Let we construct a portfolio withrisky assets. Denot®, — k -dimensional

vector of asset returns at time point Assume thatX, [0 N(«,%). Then the solution to the
maximization problem (10) has the form:

Ram,

where Z,:ﬂ'f 5% Moreover the necessary and sufficient conditidnsolution existence

ISZ >, .

Proof. First we show that if the solution of (1Qists then it belongs to an efficient
frontier E. We prove this by contradiction. We assume thatetlexists a portfolio w which
solves (10) (and belongs ) but does not belong t&. From the definition of efficient
frontier there exists a portfolioy, such thaR, >R, V, <V, and one of the previous

inequalities is strict. Then

Ul = R, =5 (2%, - R)=(1+£] R -2 2/ Y>(1+5] 85 4 wl)

Which is a contradiction to our assumption thatfpo w is a solution of problem (10).
Note that (10) is equivalent to the problem

R, - Z+/\, — max, if A'w=b, (11)

since

Do) =R, (2% - B)=(1+5 ) &= 27y =[1+£]( &),
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Because the solution of problem (11) belongs teiefit frontier E then the result of
lemma 2 holds, namely the relation between expeetiedn and variance (9). We solve (9) with
respect tor, :

R, = F%MV,A+\/§\(M_ %MVA)
and consider the optimization problem
R, -~ ZN ~ maxwith respect t@m = RSMV,A +\/ 2 ( e \éMVA) , (12)

which is equivalent to the problem (11) and alsoisitequivalent to the unconditional
maximization of a functionRGMV,A+\/sA(\¢ ~Vawa )~ 2/ ¥ - It can be easily shown that this

function reaches its maximum at the point:

Vo = —VGMV,A .

Hence the portfolio constructed from the optimiaati problem (10) has the
52

variancey, :~Z—asAVGMV'A' Using the results of lemmas 1 and 2 we get theestent of the

2
Z, —

theorem.

The necessity and sufficiency of conditiozj >s can be proved analogically to
proposition 1 in [6].

Consider the classical problem of investor's exgeaitility maximization for portfolio
construction

[
U,.=(W) - maxwith respect t)_w =1. (13)
i=1
Using the results of theorem 1 the solution of peob(13) can be easily found.
Corollary 1. Let we construct a portfolio with lsky assets. Denot®, — k-dimensional
vector of asset returns at time point Assume thatX, 0 N(¢,2). Then the solution to the
maximization problem (13) has the form
W =W + \ ;GMV Rp,

var ~ YW gmv —
\NZ,—S

wheres=p'Rp. Moreover the necessary and sufficient conditibsotution existence is< Z.

Proof. Replacing in the expression for weightgar, A=i andb=1, we get the necessary
statement.

Remark 1. The assumption of asset returns norntitybe essentially weakened. So the
results of the paper leave true if we assume tleatov X, has k-dimensional conditional
normal distribution with parametegs andx,. As a special case we can consider for example
the assumption that asset returns follasdimensional VARMA-GARCH with normally
distributed residuals. Also the assumption of etgdly distributed residuals does not influence
the results of the paper but in this case the geant should be changed by appropriate
guantile of respective elliptical distribution.

Remark 2. The portfolios with weigts,, , andw,,,, both belong to the efficient frontier
E and maximize respective functions of investor'sested utility. In general case we are not
able to put the equality sign between these weidghés isv,, , #w, ., . But it always exisis,,

B,.= such that the solution of problem (3) with coeéiit g., coincides with the solution of
problem (10) with coefficieng,,..
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Remark 3. We can consider the problem (10) with dbeditional Value-at-Risk as a

proxy for risk calculation. In this case the resuwf the theorem 1 still true if in formula for
~Zy

S[eaax
& —00 _ exp(—-=%
anRA we rep|aC a byka = 1_0, = 2;;(1_20,) )

4. Conclusion.

The paper examines the problem of portfolio of yiskssets construction with the
maximum expected utility which is based on the ¥aht-Risk as a proxy for risk calculation.
Contrary to the classical method of expected qu@dnaility maximization for portfolio
construction considered approach is not examinestientific works because the concept of
VaR for portfolio construction is relatively new.

In the paper we consider the generalized problemooffolio construction where the
classical condition (the sum of portfolio weights equal to one) is replaced by g linear
restrictions on portfolio weights. We construct te#icient frontier for this problem and
formulate the necessary condition for portfolio readeristics which should be satisfied by
portfolios which belong to efficient frontier. Ascarollary from theorem 1 we get the solution
to the portfolio optimization problem with the ct&sal restrictions.

The utilization of the described method of portiotionstruction especially in banking is
fully agreed with the recommendations of Basle Cattee. As a consequence this method
gives the banks possibility to provide the operstion the fund market in the bounds of Basle
agreement. Moreover the competent establishmegbditions gives the possibility to take
into account all standards and restrictions prayiole existing law.
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