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MODELING MULTIVARIATE NONSTATIONARY TIME SERIES
OF ECONOMIC DYNAMICS BASED ON FOKKER-PLANCK
EQUATION

The subject of economic dynamics is a simulatiohedfavior of economic systems under
the influence of internal and external factors lidev to analyze balance, control and prediction
of the evolution of economic systems. Mathematioaldels of economic dynamics are the
formal reflection of the many economic scenariogetitigopment. This is usually determined
models which are based on some economic concepiderlthe economic dynamics also
understand the dynamic series - series of numbatscharacterize the change of the social or
economic event that is economic time series (ETIH)Really researched ETS - nonstationary
and almost always multi sign nature, their reliatd#ection in the economic - mathematical
models is possible only on condition taking inte@mt the complex inherent features of the
most significant characteristics. Currently, thevalepment of mathematical methods for the
analysis of nonstationary multivariate processesdraat practical importance and demand in
the economy. This is due to the need to improveatioeiracy of predictions and, in particular,
the price indicators of financial and commodity kes.

Modern economics has in its arsenal a large nurmbetrethods for analyzing ETS and
predicting socio - economic indicators: statistif| determined [3], econophysics methods,
phase analysis, wavelet - analysis, spectral asdl< ], adaptive forecasting methods - neural
networks, genetic algorithms, group method of datiadling, method " caterpillar" [8,9]. Most
of these approaches are used only for one-dimeasimmd stationary ETS. Constructing a
statistically correct economic - mathematical medel multivariate nonstationary ETS and
methods of analysis is an actual problem. The #i@mal basis of these models is a multi-
dimensional Fokker - Planck equation [10,11]. Thappse of this study is to develop
mathematical models of nonstationary multi ETS tfogir analysis, forecasting and decision-
making in financial and commodity markets on thei®af the author's concept of multivariate
modeling of dynamic systems [12].

1. The relationship between the continuity equaton the Fokker - Planck equation.
Dynamic System (DS) is characterized by state bbEsax=(x,X,,...,%,) — system of

economic performance and function of the stefe)=¢(x,x,,...,x,) — probability density
function (PDF), considered in the phase spacé€ points x. Measure

dr =@ X, %0eees %) [] 9% is the number of states ETS of specified interes
1=1

State variables are standardize:
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wherez,, z..., z,.,, — observed, minimal, maximal value levels of ecniwoseries.
Given that the ETS is nonstationary, specified fiomcstatus should be considered taking
into account depending on the tinggx,t). Let under the influence of socio-economic factors

state variables vary with speed

V(% 8) ={V, (% %o %) N (0 %0 ) e (XXX )

Between functionsp(x,t) andV (x,t) there is a relationship in the form of conservatio
law of matter in its differential form (continuigquation):

92%0) - aiv{ () v x.1). &

Equation (1) in the economic interpretation is dgpiation of balance of financial and
material flows. The meaning of this equation ist tihe change in the probability of states per
unit phase space per unit time is equal to thd tata passing through an arbitrary closed
surface in a neighborhood &fduring this time.

The basis of the evolution of any complex econosyggtem is the interaction between the
two factors of different nature - the growth andstpation. Growth model can be based on
different economic concepts that reflect the medmas of the socio - economic factors: supply
and demand, competition, positive feedback and midre effect of these mechanisms leads to
a local temporary and spatial heterogeneity, irsgrd¢he intensity of flow redistribution between
sectors. Dissipation, in contrast, is accompanikghm@ent concentrations decrease in the
intensity of flows, increased uncertainty and goytovhich eventually leads to the degradation
of the economic system. Naturally we assume treavé#iue of the flow rate of dissipation at a
point is inversely proportional to the gradientlod probabilities of states at this point. Then the
evolution of the DS can be represented by the\mtltg equation:

=V () =000 =g D 0] @

whereu, (x,t), b, (x,t) — measurable function for eathl[0,T], a T — observed period.
Substituting (2) into equation D, wetaib the Fokker-Planck equation:
agoxt m
03 2 L (xx]-2 3352 (ot 9] = ®
=0 = 1a)ﬁa)ﬂ
Fokker - Planck equation (3) is closely connecteith whe system of stochastic
differential equations:

(0 =u 000+ 2 (49 (9 @

where u,, b, — deterministic functions, (t) — independent random processes such as

white noise, thatié (t)=0,M& (t)&(t+1)=0(7),M (é’, (t) & (t)) =0 ati#j. Averaging
equation (4) for the set, we obtain:

u(x,t)= m(>'<i\x1,x2,...,xm;t)=

1
(x, % ; t) b, A, ...aX

(xt) o m, (5)
where F(X,X;t) = F (X, X5 ... X 5 1 %o ,....%q; 1) — PDF dimensionalityrr .
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Last explains statistical content of functian]ﬁx,t). By definition, the expression (5) - is
the conditional mathematical expectation of spéed ts a functiony; — component of the
average local speed of the field. Equation (3) upptemented by boundary and initial
conditions ¢(0,t)=#(1,t)=0, #(x0)=¢,(x), together with the kinetic equations (2)
completely determine the state of a stochastic mjcel system to each moment of tirhe

2. A mathematical model of the stock exchanfeding on the stock exchange are
characterized by a number of indicators, includiagic and most informative arg:— average

quotation price x, — physical volume of salegg — spread.

Consider the three subsystems (information chahwélsales - "price-volume", "price-
spread”, "volume-spread", which generate two-dinwerad random processes with PDF
B1o(% . %51), B1a(X . Xs;t), @aa(Xs,%g;t) respectively. These PDF satisfy three two-
dimensional Fokker-Planck equation:

2 2 2
%+i(qj¢ij)+i(vij¢ij)_ﬂa ¢zij 1 29, _ﬁa ¢in =0
ot 0x 0x; 2 0x ox0x; 2 0X 1 (6)
where u; =u; (% . %;5t), vy =v; (% x;;t) — drift functions; 4, #,, k; - elements of

diffusion matrix of two-dimensional process.
We assume that the two-dimensional processes ate hateroscedastic, that is
iy = w5 t), my =n;0), &y =k;(t) andu;, v; — this one-parameter non-linear function of the

form:
uij = Aij X (1— xj)
{Vij =X x)
where; =4; (t), x; = x; (t) — model parameters.

(7)

Drift models (7) based on the assumption of thes@nce of competition and limited
resources. The structure of the model equationgditesponds to the non-linear paradigm of
financial markets and is consistent with the rasaftempirical studies, including the approach
of making investment decisions based on technitalyais.

To identify the parameters of the model, considker évolution of these characteristics

ETS: mathematical expectations, (t), dispersionsz (t) and covarianceov, x (1)
m, (t) =[x (x.0dx, o2 = [{x -m, fu,(x, x .
R; (t)= COV, . (t)= I(Xi -m, )Eﬁxj -m, )‘/’ij (Xi X t)d)g dx;, (8)

wherey, (x ,t) — one-dimensional (partial) PDF of two-dimensigplcesses
Since the one-dimensional PDF received frgpfx ,x; ;t) with equations:

wi(x.0) =y Ot (x;.8) =T (5 sthix ,
then integrating equation (6) sequentially by valgax ,x, given the fact that within the

region of integration PDF is zero, we obtain twmenhsional Fokker - Planck equation for
each of the three two dimensional processes:

W, 9 _H O 0y 0 K, 0%y,
o ox L) 2 x> ot +axj b j ©

whereU, :wijuij ()g,xj;t)q}ij ()g,xj;t)dxj » Vi :%jvij ()g X ;t)q}ij ()g X ;t)d)g or based

on accepted models (7) -
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U, (Xi ’t) =A% (1_ € (Xi ’t))’ Vi (Xj ’t) = Xi X (1_ f; (Xj ’t))’ (10)
whereg, (x ,t), f, (xj,t) — conditional mathematical expectations, whichdetned by the

formulas:
1 1
& (%)= x4, (. xthax, £ (x;.t)=—[x g, (x.: thix
¢, Y, . (11)
The equation of evolution of mathematical expeotatindicators ETS we will find
considering their definitions (8) and consistenagnehsional distributions of the Fokker -

Planck equation (9):
dm, o, (%t Hy 0%y, @
— =I>q—w()q ) dx = Ix[ R 8 (Uijwi)jdx

dt ot 2 oxF  0X
dm, aq/( 1), K, 0w, 0
TR dx =X [2 0X’ ax( w)JdX

which after integration by parts, taking into acebtine zero boundary conditions for PDF
and expressions (10) become equations:

%zwu () (% .dx =4 (mxi M My = OOV )=<U>t’

dm,
T':fvij (Xj ’t)‘//j (Xj ’t)dxj = Xi (m My My, —COVy x ) <Vu> 12)

Considering the derivative of the expectation agdidifference (growth rate ETS), and
the expected value as the average levels of ET# éasy to make sure that, =m,

m, =m . Then from (12) that the rate of change of avereglees of ETS is the average
velocity of the field. This is the statistical mé&ag of equations (12) for determining statistical
parameter estimatiof; and y;; :

m, m,

— X —
- y Xi =
) _ _ )

m, 1-m, )-cov, .

i

m, 1-m,)-cov, .

(13)
Under stochastic processes(t) u X;(t) we will understand ranks of the first finite
difference of economic indicatorsdt) = A(t) = x(t + 1) - x(t).
Similarly, the evolution equation of the varian@a de written as:

e Them P Y = om0 2 e

dt 2 oxX 0Xx
dO' oY, i 82(//‘
dt (X My )Za—tjdxj :J.(X,- -my ){K_ZJ asz] %M%)}dx

After integration we obtain:

do;
at :Z(J‘)guij‘//id)g -m, jUij‘//id)g )"',uij ZZCOVX,X,»"'IUU’

2
UX_
= 2([ XV, dx; -m, J'\/ij(//j dx; )+ Kj =200V, ; K.

(14)
Expressions (14) reveal the statistical contenysapdmetergy; and;; , which are equal

to the difference between the rate of change oiamee and twice the covariance between
indicators and their first differences. After sufegion in (14) expressions (10) evolution
equation dispersions can also be represented as:
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2

th. =24, (afi (1— u )+ M, COV x, ~COVe j + 14
d02
TG ( (t-m, )+ M, €OV x; ™ COY 2 ] i

(15)
Evolution of covariance between economic parametedetermined from the equation:

:J-(Xi —@)(xj -m )dedxj =

Wbog 04 K¢ o a
:J-(XI -m )(Xj _nlq )(7 6)(1 ,711 6)(|6x 2 asz _&(q ¢ ) j (V'J ¢|J )}d)ﬁdx

After integration we obtain the following equatiohevolution R; (t):

dlJ_

at i X UIJ¢IJd)ﬁdX X u¢ud)ﬁdx mijUij¢ijd>gdxj—
-t i By =y oo, oo,
e (16)

Equation (16) explains the statistical meaninghef parameter, , what is the difference

ij?
between the rate of change of the covariance paeasnand the covariance sum coordinate
between one indicator and another indicator rateexdpression (16) taking into account the
covariance model equations (7) can be presented as:

COVy, x = A (cov (1+mX ) cov o8 2~ M Oy j

COVy x, = Xj (cov (1+ m, ) COV, 2 =My, oy j -

So if at time to perform statistical evdloa of mathematical expectations and
variances for covariance sample data, then agmprth (13), (15) and (16), (17), the
parameters of the two-dimensional Fokker - Planitkog fully defined.

3. Predictive model of the stock exchangje the study of multivariate processes
usually only have limited knowledge about the fti'gb moments: average values of the vector
and covariance matrix. Therefore, to predict mali@te ETS should be used one-dimensional
scheme.

The prediction parameters of trading vk based on kinetic equations of
evolution:
_ My oY, . K aw,‘
X; /]X( enj)_ﬂia_xi’ X =X X 1(1 f) 2[// aX (_’]_8)
where ¢, =¢;(x.t), ¢; =w;(x;.t) — one-dimensional (partial) PDF, satisfying one-

dimensional Fokker - Planck equation (9). Fokkemrek based model equations (7) are
transformed to the form:

: A, OE;
awl + A'] ‘/II awl _ﬂ a ‘/Q = /1” E'] + Xi _I] ’
ot ax. 2 0x 0X,

] + x| @+ ] —ﬁazw’ =X xai
o 7T ’axj 2 ox” box, |

J

(19)
where E; =g (x.t)lg; (%), Fy = f; (x;.t)te;(x; ,t) — unknown stream function, which
according to (11) are determined through a two-dsr@nal PDF.
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To determine the unknown functior , F; we used the idea of building the connected

evolution equations for higher order moments fovsale system that proposed in [11].

Depending on the order of points in PDF is a markess complex dynamic system that models
the ETS. For the trade models considered hereotlmaving equations, consistent with the two-

dimensional Fokker - Planck equation (6) will be:

9 X |
; AX o E’ +(4 -x (1-x))§ - A;”af 4(9 X G’j—ﬁ%’ (20)

0X X
al:ij ai _ _ Klj a u _ H al/l

in  which now the unknown are the functlon;,I =g, (x.t)¢ (x.t) and
Hy =hy (x;.t)w ( ,t), and second order moments are determined by thesfas:

gu _[X ¢|] (Xl X] ’t)dx h _[)g ¢|] (Xl X] ,t)d)ﬂ
( ) (21)

If at this moment close the system, aggd , h; specify independently, the evolution of
the system that generates multivariate ETS, wiliullg defined. The content of the expression
(21), as well as the expression (11) is the commbii mathematical expectation - regression
function that can be recovered for the periodT,t]  prior to the forecast, of regression

analysis Here T — length of series or interval of observationssdbete scheme for solving the

problem (18), (19), (20) is based on an expliditedence scheme for the evolution in time and
standard templates left difference derivatives
X:

R+ =x 0 e -9 -9)- 22 E 0 w2060

X (t+1)= x, )+ (- f, (x .t -1y, (t-1)- 2/;—(E;—D)(¢.(xj+lt)—wi(xj,t));
v

Hij (t-1)

2

&; (Xi ,t):l/li (Xi t —1)+ (‘/’i (Xi +2t —1)—2¢/i (xi +1t _1)+¢’i (Xi t —1))—

~A (t-2)iy; (X' ,t—1)+x- (t‘l)(‘//i (X' +lt_1)“//i (X' ’t_l)))'*
e - 1)E; b - 1)+x(t g, s +1t-1)-; b t-1))

-1

N—

N
=3
pn
\_/
E
=3
pn
t/
/:p

i > ij (xj +2,t—1)—21//j (xj +1t—1)+(//j (xi ,t—l))—
= Xi (t—1)%yjéx-,t 1)+xj (t—1)%j X +],t—1)—t//j(xj,t—1)%+
+ Xi (t 1)|:IJ Xt 1)+xj( 1)|=ij Xj +1,t—1)—Eij (xj,t—l)

(22)
E:

E bt -2 2 e 225 410945 .2
A2 -2l #1036 b 13- -2 A - b1

+A(t-21G (x.t-2+x(t-2/G (x +1t-2-G % t-2) -7 (t-2 (x +1t-3 44 (x.t-2)
F:
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Al t-0=F ,t—2)+K”(t_2) F b +2t-2-28, b +2t-2+£ . -2 -

6 t-2x(t-2lF; g +3t- el R b =2 (-2 - (-2 (-2 -2+

+Xii(t_2)(Hij (Xj't 2)+Xi ( ij( X +1t- Z)_Hij (Xj’t_z)))_”lj (t_z)(‘ﬂ; (Xj +lt—2)—lﬂj (Xj't_j)'

where%;, X;, @, @;, E;, F; - predicted value.

According to the system (22) forecasting parametétsading and PDRy; and¢; for

one step forward, starting from the last equatifmrswhich right sides are known already.
System (22) can be also used for forecasting sesteps forward. At the same time every
solution found in the next step joins the sliding@ow sampling, which is based on the Fokker
- Planck equation. In this case, the initial condi$ of the problem are put at the start of
forecasting, and the boundary conditions are takeo.
4. The modeling of time serie¥erification of predictive model (22) was perforthby

dynamic series, formed according to the daily tigdon the PFTS security UNAF in period
26.03.2009 to 30.09.2013 withg — average quotation price, UAEk, — physical volume of

sales, pcx; — spread, %. The total number of observatiors1122. Figure 1 shows a series of
normalized indices trading
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Figure 1. Dynamics of basic indices trading secesitUNAF

The minimum values of the output units amounte83a@1 UAH, 109 units., 0%, and the
maximum - 908.85 UAH, 335 398 units, 96.88% regpelt. Rms relative deviations of trades
amounted to 216.69 UAH, 25 911 units, 5.45%, amdnttean square deviation of normalized
values - 0.26, 0.08, 0.06, respectively. Then feample lengtim = 200 forecast PDk 7 = 26
steps forward, according to estimates2r/n [11], guaranteed with an accuracy smaller than
most of the found values of mean-square deviatiat,is € = 026

Accuracy of PDF and the information content of P&)E also dependent on the number
of intervals partitioning the histogram. It is l@eled that the optimum number of intervals to be
k=1+332lgn (Sturges formula). On the other hand, the lendtlthe sampling interval

dependent stability PDF explicit difference schemsed in the model (22). Stability of
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solutions, which obtained difference approximatguations of the form (9) is provided under
condition At < (Ax)2/b, whereb — diffusion coefficient. In our case, wher 0[01], a 4t =1

obtain the following estimate the upper limit oéthumber of interval®DF: k < ]/\/E where
b=maxy «, }. The resulting values=0.092 for number of intervals PDF was 10 that cugts

contradict the formula Sturges.

Simulations carried out by a number of numericggnation of equations (22), 30 steps
ahead. In this case, the best prediction accurabieed by the criterion of MAPE (Mean
absolute percentage error) accounted for 3.71%e pyuotes, trading volume - 2.18 % and
spread - 1.37 %. Based on the methodology of maglefiultivariate dynamic systems obtained
new scientific results - first constructed multiade stochastic model parameters ETS trading
on the stock exchange, thus improving the accuamy extend the time horizon for the
medium-term. Assumed that in the future, this mosdll be used in the development of an
information model investment decisions in the stockket.
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